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In the present study, nonlinear vibration of piezoelectric nano-composite
pipes resting on elastic foundation is investigated based on classical
cylindrical shell theory. The pipe is reinforced with double walled boron
nitride nanotubes (DWBNNTSs). The surrounding elastic foundation is
modeled with Pasternak medium. Micromechanical model is applied in order
to obtain the characteristics of the equivalent composite. Using energy
method, the motion equations are derived based on Hamilton's principal. The
nonlinear frequency of system is obtained utilizing the differential
quadrature method (DQM). The effects of different parameters such as
orientation angle and percentage of DWBNNTSs, geometrical parameters of
shell and elastic foundation on the vibration of pipe are investigated. Results
showed that with increasing the volume present of DWBNNTSs in pipe, the
frequency of structure increases.

© 2015 IASE Publisher. All rights reserved.

1. Introduction

Circular cylindrical shells are used in a great
variety of engineering applications in mechanical,
and process industries, ranging from storage and
transport of high-pressure gases and liquids, too
much smaller Nano-scale applications in smart
structures such as sensors and actuators and hence
are required to be modeled mathematically. A good
understanding of their mechanical behavior,
including vibration, bending and wave propagation
response, is therefore required for successful design
practices. Improving mechanical behaviors (e.g.
increasing stability and reduction of weight) of such
structures in composite applications have also
received considerable attention amongst researchers
in the last two decades. Most studies to-date is
limited to linear vibration, despite the fact that
deformations of cylindrical shell are nonlinear in
nature. Having considered the geometrical
nonlinearities, more precise dynamic properties of
cylindrical shell could be obtained to extend the
engineering applications, especially in Nano-
composites.

Mechanical analysis of cylindrical shell has been
done by many researchers. Effects of internal flow on
the vibration of a cylindrical shell were investigated
by Paidoussis and Denise (1972), Amabili and
Garziera (2002) and Paidoussis (1998). None of
these studies considered smart structures such as
PVDF, new polymeric piezoelectric materials offering
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advantages including flexibility in thermoplastic
conversion techniques, excellent dimensional
stability, abrasion and corrosion resistance, high
strength, ability to maintain the superior mechanical
properties at elevated temperature (Topolov and
Bowen, 2008). Arani et al. (2011 and 2012), carried
out a stress analysis in cylinder and spheres made
from piezoelectric materials using analytical method
and ANSYS software. In another study, the
embedding of piezoelectric materials in the form of
fibers into a polymer matrix was implemented by
Bent et al. (1995). Free vibration of composite plates
and cylindrical shell panels were studied by Messina
and Soldatos (1999) using a higher-order theory.
Free vibration and buckling analysis of composite
cylindrical shells conveying hot fluid was proposed
by Kadoli and Ganesan (2003). Vibration and
buckling of cross-ply laminated composite circular
cylindrical shells were studied by Matsuna (2007)
based on a global higher-order theory. Post buckling
instability of nonlinear Nano-Beam with geometric
imperfection embedded in elastic foundation is
studied by Mohammadi et al. (2014).

With respect to developmental works on analysis
of the cylindrical shells, it should be noted that none
of the research mentioned above, have considered
smart composites and their specific characteristics.
Micromechanical modeling which has the potential
to take into account the electrical load was used by
Tan and Tong (2001) for studying an imperfect
textile composite. However, neither the matrix nor
the reinforced material used in the composite
employed in this work was smart. Rahmani et al.
(2010) investigated free vibration response of
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composite sandwich cylindrical shells with flexible
core. Buckling and vibration analysis of plate/shell
structures via a smoothed quadrilateral flat shell
element with in-plane rotations were studied by
Nguyen-Van (2011). Electro-thermo-mechanical
nonlinear buckling of a piezoelectric polymeric
cylindrical shell reinforced by DWBNNTs was
studied by Mosallaie Barzoki et al. (2013).

None of the above mentioned works dose not
studied nonlinear vibration analysis of piezoelectric
pipes. However, in the present work, nonlinear
vibration of piezoelectric pipes reinforced with
DWBNNTs embedded in a Pasternak medium is
studied. DQM is utilized for obtaining the nonlinear
frequency of system. The influence of geometrical

angle and percentage of DWBNNTSs in polymer on
the vibration of pipe is investigated.

2. Mathematical modeling

2.1. Constitutive equations of piezoelectric
materials

In a piezoelectric material, application of an
electric field to it will cause a strain proportional to
the mechanical field strength, and vice versa. The
constitutive equation for stresses o and strains €
matrix on the mechanical side, as well as flux density
D and field strength E matrix on the electrostatic
side, may be arbitrarily combined as follows (Arani

parameters of shell, elastic foundation, orientation etal. 2015):
o . fc,, ¢, C,, 0 0 0 .. [0 0 0]
G e c, C, C,, 0 0 0 P 0o 0 0|,
o C,;, C,, Cg,, 0 0 0 y €., 10 0 0 E;) ’ o)
c,. 0 0 o ¢, O 0 2¢,. ew 0 0]
o 0 0 0 0 C,, O 26 0 0 0 :
G, 0 0 0 0 0 C. 2¢ L0 0 o0
g A
8399
D . 0 0 0 e, 0 0 €., 0 0 E
&g,
D,;y=10 0 0 0 0 0 : + 0 €,, 0 E, .
2¢,. (2)
D . 0 0 0 0 0 0 0 0 € 45 E .
Zgzx
2¢ ,
Where Cij,eij,Eii,(i,j =1,..6) are elastic [Q]:[R][C][R]T, (4)

constants, piezoelectric constants and dielectric
constants respectively? Also, the electric field may be
written in term of electric potential as:

Where [R] is the transfer matrix defined as:

E, =-Vé¢. (3)
The transformed elastic constants are defined as:
cos’(0) sin’(0) 0 0 0 -sin(260)
sin’(0) cos’(0) 0 0 0 sin(286)
0 0 1 0 0 0
(% 1= 0 0 0 cos(8) sin(6) 0 (5)
0 0 0 -sin (0) cos(0) 0
| sin(8)cos(0) -sin(0)cos(0) 0 0 0 cosz(ﬁ)—sinz(H)_
Here, O is the angle between the global and local o O O, 0 —elle
cylindrical co-ordinates, which corresponds to the o 0, O 0 - c
orientation angle between DWBNNTs and the main ol_|¥12 =2 “2 || , (6)
axis of the matrix. Based on classical shell theory, the Txo 0 0 O 0 Vxo
constitute equations of (1) and (2) may be simplified D, e e, 0 e [|E
as: Based on micro-mechanical model, the
mechanical and electrical properties of the
composite are (Mosallaie Barzoki et al. 2013):
— C‘ilrlcvlnlZ
O -G @)
_c | PG, +-p)C }
QlZ 1l|: C£1 CH (8)
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Gy p(Ch)*  (A-p)(Ch)°

=pC, +@1-p)C), + ,
0,, = pCy, 1-p) 2 C, cr cr (9)
Cr C”l
0, = . 6666 _ 10
* pCe + (L= p)Cq (10)
pey  +(1-pley
=G| En 11
ey 11{ . cr (11)

Crey _ pCLen _ (- p)Cen

= pe,, + (L— p)e}, + )
e, = pe, + (1 pej; C. c cr (12)
C
__<¢ 13
T B AC (13)
Where: ow(x,0,t)
Y. S ) o V6,2.0) =uls 6. =275 =
() +Che, (ep)+Cae, (4 ow(x,0,1) (17)
r (l_ ) m V(X,@,Z,t):V(X,H,t)—Zé,
_ Pes Ples ROO
CRF+Cacy ERr+Caey  (19) W (x,0,2,1) = w(x,0,)
B 1_ ” i) ) ) ) 1 1
=— Zpeur —+ 52 ) i“ —, (16) where, U,V,W are the displacements of an
(efs)" +Ci ey (en) +Coefy

arbitrary point of the shell in the axial,

circumferential and radial directions, respectively,
Superscripts r and m refer to the reinforced and u, v, w are the displacements of points on the

matrix components of the composite, respectively p middle surface of the shell and z is the distance of the
is also the volume percent of the reinforced arbitrary point of the shell from the middle surface.
DWBNNTSs in matrix. Hence, the mechanical strain components
Exxr €00, Exp at an arbitrary point of the shell are
related to the middle surface strains &, &g0,&x0,0
and changes in the curvature and torsion of the
middle surface k,, kg, kg as follows:

2.2, Strain-displacement relation

Based on classical shell model, the displacement
components are written as (Brush and Almroth,

1975):

& € & L

€y = € om + € om - z9ky,

7 <o shell V xom L V xom NL k.,

2
5 x 2 0 x 2 3 x 2 (18)
ov w 1 ow 0w
= |t 5| T - | T

R 06 R 2 R 060 R “0 6
o u N ov ow ow 2 0w
R 00 0 x ox R 00 Roxoo0

2.3. Energy method U, = J.(o-xgx +0,8,+0 V0 —DxEx) dv,

4
Strain energy by combining Eq. (18) and Eq. (19),
may be written as:

(19)

The total potential energy of the pipe is the sum
of strain energy, U, kinetic energy K, and the work W
done by the applied load. The strain energy is:

2 2 2
.=~ %o.s(@Wj VALY i +W+o.5[6Wj
" | ox ox T ox RoO R ROO

(20)
2 2
-M, §W2+NY9( Ou Jra—v+—aw aWj—ZMﬁgaw +Gx% dA
R°06 “"\R0O Ox RO Ox " R06OOx © Ox
Where the internal forces and moments may be
expressed as: M, o,
N LR M, oo (22)
N 2 |l = .[ zdz .
0 _ 0 M g Txo
= dz , (21) X " x
N x 0 h Tyxo Q X 2 D ¥
G, 2 | D, Substituting equation 1 into equation 21 and

equation 22 yields:
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x R*00

2
_| e, | 2 05[6Wj —a AT |+ 2 08 M| _g AT +e126¢] ,
ox ’ RO6O ox

2
| nc o os[awj —aT | 40y - 05 | AT +ena¢j ,
ox 0. ROO R ox

2
ox R R°00 (23)
N,=h Css(au +@+—aw aw) ,
RO6 0Ox RO6 oOx
2
G. =y X 10, s(awj —a AT |+e, aV+W+o.5[awj AT e, Y,
| Ox Ox ’ RO6 R RO6O Ox
h’ o°w o’w
M _12{C ( Zaxzj'f'clz(_ZRzaaz 1
h® o°w o’w
Me:].Z{Clz(_Z(SXZXJ—’_CZZ(_ZRZ(SHZ ' (24)
" 2
M ,=—Cx| -2z oW
12 RO6Oox
The kinetic energy of system may be written as: I(FW)dA J'(( W k V2 ) dA 26)
2.[((5;) (E) * (E) jdV’ (25) Applying Hamilton principle and rearranging the

governing equation in mechanical displacement
directions (u, v and w) as well as electric potential
(@), yield the following four coupled -electro-
mechanical equations:

The second type of total energy to be verified is
the work done by applied force, expressed as
(Heydari e al. 2015):

o%u  ow 0°w hC o, [ 0% ow ow 0w
(HCy)| =+ —— |+ + —+
ox ox Ox R 0x06 O0x RoO6 0x06
2 2 2 2 2 (27)
hC ¢ 0u oy ow 0°w  Ow ow 0w 0°¢g
>+ + st —+ ey, —5 =0
R ROO 0x060 Rox 06 O0x ROO 0x00 0
hC,, [ 0%u ow 0°w hC,, ( 0%v  ow ow 8*w
+— + — —t —
R 0x060  Ox 0x080 R o6 00 Ro6 086
28
ou 62\) o'w  ow  ow d°w) he, 0°¢ (28)
+h + 5 —+ — |+ =
RoOx060  ox R@H@x Oox ROO oOx R 0x06
Gy otw N h3Cy B 0w N h® _c 0w Ce 0'w
x“ R? ox*00% ) 3R* | 0x?00%) 12R*| Y ox?00° R’ 06°
( j 5u (alj _hCy | Ov W 1 (ow !
ox ' 2\ ox R |ROO® R 2R*\ 00
hC o2 o? (29)
a, a, w w
( 11; 12;2 JangT—(N;M +hCy o +hCy @y )5 AT
k ﬂexp ax ) +k; (cos Ow . +2cos Osin Ow , +sin?Ow ) _hey, 3¢ _
k sin?@w . — 2sin @ cos Gw . + cos 9W‘yv) R ox
2 2 2
¢25 6u+67w8v2v+elz 8v+87w+ ow 0°w -0 (30)
 ox 611 ox’ Ox Ox Re, ,\0x00 Ox ROO 0x00
3.DQM method (FEM) and finite difference method (FDM)
for higher-order modes require to a great number of
There is a lot of numerical method to solve the grid points. Therefore these solution methods for all
initial-and/or boundary value problems which occur these points need to more CPU time, while the DQM
in engineering domain. Some of the common has several benefits that are listed as below (Heydari

numerical methods are FEM, Galerkin method, finite etal. 2015, Arani et al. 2015).
difference method (FDM), DQM, finite element

35
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1.DQM is a powerful method which can be used to
solve numerical problems in the analysis of
structural and dynamical systems.

2.The accuracy and convergence of the DQM is
higher than FEM.

3.DQM is an accurate method for solution of
nonlinear differential equations in approximation
of the derivatives.

4.This method can easily and exactly satisfy a variety
of boundary conditions and require much less
formulation and programming effort.

5.Recently, DQM has been extended to handle
irregular shaped.

Due to the above striking merits of the DQM, in
recent years the method has become increasingly
popular in the numerical solution of problems in

d"f(x,0) X
M = ZAi(kn)f(xk ' ej)

dx" k=1
d"f,(x.0) L .
fy—mf:ZB](,l)f(xi,@l)

do =

dn+mfxy(xi'9j) N, Ny

engineering and physical science. Hence, DQM is
employed which in essence approximates the partial
derivative of a function, with respect to a spatial
variable at a given discrete point, as a weighted
linear sum of the function values at all discrete
points chosen in the solution domain of the spatial
variable. Let F be a function representing u, v, w
and @ with respect to variables x and ©in the
following domain of (0<x<L, 0<6<2mw) having
N, X Ng grid points along these variables. The nt-
order partial derivative of F(x, ©) with respect to x,
the mt-order partial derivative of F(x,0) with
respect to © and the (n + m)th-order partial
derivative of F(x, ) with respect to both x and ©
may be expressed discretely at the point (x;, ;) as:

n=1..N_ -1 (31)

m=1..,N,-1. (32)

=22 A"Bf(x.6). (33)

dx"do" k=1 1=1
A more superior choice for the positions of the
grid points is Chebyshev polynomials as expressed:

L i-1
x, =—|1-cos T
2 N, -1

6, _27ly _cod L g
2 N, -1

Also AEZ) and Bj(lm) are the weighting coefficients

associated with nt-order partial derivative of F(x, 0)
with respect to x at the discrete point x; and mt-

M(x)
GoomG)

i=1..,N

X

(34)

i=1..,N, (35)

order derivative with respect to O at 0; respectively
which may be calculated as:

i#j, i,j=12..,N,

47=1 (36)
—ZA;D for i=j, i,j=12,..,N,
oy
% for iij, i,j:1,2,...,N6,,
o ( i _j) ( j)
BY =1 , (37)
-> BY for i=j, i,j=12..,N,
oy
Where ﬁ
N, P)=1106-9) 39
M) =16+ a9 A ()
i For higher order derivatives we have:
n n—. A7(n71)
R Y (+0)

('xi_xj)
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(m-1)
B =m| B{"YBW - 1 (41)
ij ii if
(91 - ej)
However, applying below dimensionless
parameters:
h X h  _ _ {u,v, w}
7:_! é::_a ﬂ:_y{ 1V!W}:
L L R h
C, hk k

(42)

And DQM, the governing equations may be
written as:

(yz)(ZA(z),ku(xk,H)+ZA(l)lkw(xk,6’ )ZA‘Z%Mxk,e ))+ ﬂ}/ClZ(ZZA(l «BY w(x,, 9)+ZA<1>,kw(xk,9)

k=1 k=1 p=1

B ZB(l)JpW(xka 0, )ZZA(D kB(l)JpW(xk o, )J +p Cee(ﬁ ZB(Z)IPM(X/( o, ) +y ZZA(D kB(l),pv(xk,Q )
k=1 p=1 k=1 p=1

(43)
+ ﬁZA“’,k w(x,, 0. )ZB@),p w(x,,0,) + yZA“’,k w(x,.6,) + ﬁZB“ pw(x,,0, )ZZA%B“ (%, 0, )j

k=1 p=1

+7° é_LlZXA(Z)ikq)(xk 0,)=0,

k=1

ﬂCl{yzZA(l)kB(l)pu(xk,é’)+ 7 ZA‘D,kw(xk,e)ZZA<1>kB<1>pw(xk,9)j+ Yis CZZ(ZB w(x,,0,)

k=1 p=1 k=1 p=1

p=1 k=1 p=1

+ ZB( )Jp w(x,, 6, ) + ﬂzB(DJﬂ w(x;, 0, )ZB(Z)JPW(xk 0, )] 7 Ces(ﬂzzfl(l) kB(l)]Pu('xk 0, ) + 721‘1( )’/‘v(xk 0, )
(44)
+ By ZZA(“ «BY jpw(x,, 0, )Z Aw(x,,0,)+ By ZB% w(x,,0, )Z APuw(x,, 0, )J

k=1 p=1

+yvcz66(ﬂ 33 4B, u(x, ) + ZA“%kv(xk,e Y+ 23S AN BY (5, 0) =0,

k=1 p=1 k=1 p=1

1/2( Ve ZA Vi W(xkla) C12ﬂ ZZA Z)MB(Z)/pW(xkna )j ! ﬁ = [ZZA(Z «B® ),,,w(xkﬂ )J

= k=1 p=1 k=L p=1

( ﬂCGBZZA 2),',,w(xk,Hj)—}/zﬂZClZ%Bijw(xk,Q,)J 7,BC12[ZA wu(x,,0,)+% ZA Lkw(xA,G)ZA Lm(xA,a)j

k=1 p=1 p=l k=1

2 N,

B _ _ N, _
- ﬂq{ﬁzB 25, 0,)+ B, 6, )+—ZB( w6, )ZB 2(x,0)) |- (B @.Cy + B Cpory WTD B, (x,,6))
p=l
~(a, +7°C, af,)ZAQ%k wix,, 9,))AT—kO - pexpl—ox,? ot 6,) (45)
k=1
Nr — ’V\ NH — ‘Nﬂ —
+k. [cosz 0> A%uw(x,,0,)+2cososing D> AP B? ,wx,, 9,,)J+sin2 0> B? ,w(x, .0, )]

k=1 k=L p=L Pl

N, _ N, Ny _ Ny _
+k, [sin2 0> APuw(x,,6,)—2sinfcost] > A%uB? ,w(x,, Hp)] +c05’ ) BY j,w(x,, 0,)}

k= k=1 p=1 =

N, .
7B AV d(x,,0,) =T(x,0),

k=1
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N, N, N, N,
> AP0 (x,,0,) + éﬂ(z AP (x,,0,)+y Y ADw(x,,0,)D AP uw(x,, ej)J
k=1 k=1 k=1 k=1

e

k=1 p=1
According to HDQM, mechanical and electrical
boundary conditions may be written as:

1 =u; =0,

Be, & & ® nO = < o — B ® < X o pw _
+ DD AYBY v(x,,0,)+ ) 4 ikw(xk,aj)+?23 pw(x,0,)> > AYBY ,v(x,,0,) | =0
k=1 p=1

N@
=V =y =00 D Ay oy, =0
=1

N,
ZAZJ' w; =0
=1

Applying these boundary conditions into the governing yields the following coupled assembled

matrix equations:

K, +K,, |+Q*M]
%/_/

K

Where K;, Ky, and M are linear stiffness matrix,
nonlinear stiffness matrix and mass matrix,

{db}:{”il’vm Wiy Wiy Doy Uy 3 Vi, Wi, » vvi(Né,fl)’cDiNé,} i=1..,N

{dd } :{L_‘ij’ Vi Wiy cDi/}
Finally, based on an iterative method and

eigenvalue problem, the frequency of structure may
be obtained.

4. Numerical result

In order to obtain the frequency for considered
pipe embedded in the Pasternak foundation, DQM

C",=10.64GPa  C",=3.98GPa
C",=643GPa  C",=1.92GPa

(46)
k=1 p=1
for i=1..N, (47)
d
of
d

respectively. Also, d, and d; represent boundary
and domain points expressed as:

i=1..,N,, j=2..,N,-1

was used in conjunction with a program being
written in MATLAB, where the effect of volume
percent of DWBNNTSs, orientation angle of
DWBNNTs and elastic medium were investigated.
Mechanical and electrical characteristics of PVDF
matrix and DWBNNTs reinforce are assumes as
(Mosallaie Barzoki et al. 2013):

(49)

E,=18TPa v,=034 (",=23.6GPa
e’ =0.95C/m* C",=2.19GPa

e”, =-0.13C/m*e", =-0.145C [ m* e",, = -0.135C | m*

The effect of orientation angle of DWBNNTSs in
pipe on the nonlinear frequency of pipe versus
thickness to radius of pipe is showed in Fig. 1 that
can be seen, with increasing the orientation angle of
DWBNNTSs, the nonlinear frequency decreases.
Hence, maximum and minimum frequency are
related to 6 = 0 and 6 = /2 respectively. It is due
to the fact that in 8 = 0, the polarization of pipe and
DWBNNTSs are in a one direction and consequently,
the stiffness of structure is maximum.

The effect of volume percent of DWBNNTSs in pipe
on the nonlinear frequency versus aspect ratio of
pipe and orientation angle of DWBNNTs is illustrated
in Figs. 2 and 3, respectively. It can be found that
with increasing the volume percent of DWBNNTS,
the nonlinear frequency increases. It is due to the
fact that with increasing volume percent of
DWBNNTs in pipe, the stiffness of structure
increases. Hence, the DWBNNT volume fraction and
orientation angle in pipe are effective controlling
parameters for vibration of the pipes.

18

16r

R R .

0 574
0 002 004 006 . 02

Fig. 1: The effect of orientation angle of DWBNNTSs on the
nonlinear frequency (Against aspect ratio)

38
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+p:0
L8y ;‘ B 005 |
sl 0 |
o e0.15
14} —— =020 |
12} ]
—
= 1} J
S
08} ]
08} ]
04} ]
0.2r b

0 1 1 1 1 1 1 1 1
0 002 004 006 008 01 012 014 016 018 02

p

Fig. 2: The effect of volume percent of DWBNNTSs on the
nonlinear frequency (Against aspect ratio)

Fig. 3: The effect of volume percent of DWBNNTSs on the
nonlinear frequency (Against orientation angle of
DWBNNTS)

Figs. 4 and 5 illustrate the influence of elastic
medium, including Winkler and Pasternak modules,
on the frequency, along the aspect ratio of pipe and
orientation angle of DWBNNTSs. Obviously, the elastic
medium type has a significant effect on vibration of
the pipe, since the frequency of the system in the
case of without elastic medium are lower than other
cases. It can be concluded that the frequency for
Pasternak model is higher than Winkler one. The
above results are reasonable, since the Pasternak
medium considers not only the normal stresses (i.e.
Winkler foundation) but also the transverse shear
deformation and continuity among the spring
elements.

39

18

—— With pasternak foundation
o —e— With Winker foundation
14+ —o— Without elastic medium |

0 1 1 1 1 1 1 1 1 1
0 002 004 006 008 01 012 014 016 018 02

p

Fig. 4: The effect of elastic foundation on the nonlinear
(Against aspect ratio)

5. Conclusion

Nonlinear vibration of embedded piezoelectric
pipes reinforced with DWBNNTs is the main
contribution of present work. The pipe and elastic
medium are simulated with cylindrical shell theory
and Pasternak model, respectively.

—— With pasternak foundation
—&— With Winkler foundation

0.5+ —o— Without elastic medium 1

Fig. 5: The effect of elastic foundation on the nonlinear
frequency (Against orientation angle of DWBNNTSs)

The nonlinear frequency is calculated with DQM
and the effects of different parameters such as
volume percent and orient DWBNNTSs, geometrical
parameters and elastic medium are discussed. The
following results are the main concussions of this
work:

e With increasing volume percent of DWBNNTSs in
pipe, the frequency increases.
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orientation
tom/2, the

e With increasing the
DWBNNTs from 0
frequency decreases.

e The maximum and minimum frequency are
related to 8 = 0 and 6 = m/2, respectively.

e The frequency for Pasternak model is higher
than Winkler one.

e [t is hoped that the obtained results might be
useful for the design and improvement of smart
devices applying nanotechnology.

angle of
nonlinear
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